The symmetry breaking of 5-dimensional SU(6) GUT is realized by Scherk-Schwarz mechanisms through trivial and pseudo non-trivial orbifold S 1 /Z 2 breakings to produce dimensional deconstruction 5D SU(6)→4D SU(6). The latter also induces near-brane weakly-coupled SU(6) Baby Higgs to further break the symmetry into SU(3) C ⊗SU(3) H ⊗U(1) C . The model successfully provides a scenario of the origin of (Little) Higgs from GUT scale, produces the (intermediate and light) Higgs boson with the most preferred range and establishes coupling unification and compactification scale correctly.
Introduction
In the last decades, some efforts have been dedicated to investigate gauge theories with larger gauge symmetries inspired by the successful electroweak theory [1] . Those theories assume gauge invariances under particular symmetries larger than the SM's one, but contain SU(3) C ⊗SU(2) L ⊗U(1) Y as a part of its subgroups at electroweak scale. One of them is the GUT model based on SU(6) group [2] . The model suggests that the electroweak scale physics is realized through breaking patterns SU(6)→SU(3) C ⊗SU(3) H ⊗U(1) C , and subsequently SU(3) H →SU(2) L ⊗U(1) B . Unfortunately the model suffers from non-existance of appropriate Higgs multiplet [3] .
Following recent progress on extra dimension physics, non-Higgs mechanisms have been presented in some previous works. The so-called Scherk-Schwarz mechanisms dynamically breaks the symmetry induced by the orbifold of extra dimension [4] [5] [6] . Instead of directly breaking the symmetry, the effect of compactifying the extra dimension is considered to induce the Higgs bosons itself. This approach is known as the Higgs-gauge boson unification [7] . Recently a grand gauge-Higgs unification based on 5D SU(6) compactified on an orbifold S 1 /Z 2 has been published with fermions in two 6-plet and one 20-plet which shows no proton decay at tree level but a little low compactification scale and heavy Higgs [20] .
Little Higgs, as pseudo Nambu-Goldstone boson (PNB), can be obtained from the breaking of shift symmetry so that PNB gets the mass or global symmetry breaking has taken place [8, [17] [18] [19] which in conjunction with 5D SU(6) the scalars can come from the fifth component of 5D gauge boson [6, 7, 20] and/or directly from the bulk [16] .
In this paper, special conditions of Scherk-Schwarz mechanisms are utilized to resolve the problem of breaking the SU(6) GUT. The first trivial breaking and the second non-trivial breaking pattern are realized by compactification of orbifold S 1 /Z 2 in 5-dimensional (5D) SU (6) in parallel at the same time, not like the trivial the (pseudo) non-trivial condition generates the scalar bosons. The unperiodic 5D scalar contains the periodic 5D scalar with extra-dimensional global symmetry for small extra dimension in the so-called near-brane area [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . The global symmetry SU(6) comes from 5D SU(6) gauge symmetry based on AdS/CFT correspondence [20] . Here, in the near-brane area, the first symmetry breaking of 5D SU(6)→ 4D SU(6) is triggered by Scherk-Schwarz mechanisms and followed by trivial and pseudo non-trivial Orbifold breaking [10, 11, 15] to produce SU(6)-origin Little (Baby) Higgs scalar as the origin of SU(6) will-be-SimplestLittle and SU (6) Baby Higgs scalars successively. Trivial Orbifold Breaking (TOB) and Pseudo nontrivial Orbifold Breaking (POB) which perform dimensional deconstruction but still keep the symmetry intact, in principle, do produce 'exact' scalar boson, and the perturbative, incomplete series of exponential form of strongly-coupled SU(6)-origin Little (Baby) Higgses. It means that SU(6)-origin Little (Baby) Higgses decouple from and cannot exist in SU (6) GUT while SU(6) Baby Higgses are the perturbative zero mode with sextet containing triplet of Little(-like) Higgs. The SU(6) Baby Higgses produce SM-like Higgses and become the topic of discussion in this paper. The second symmetry breaking of 4D SU(6)→ 4D SU(3)⊗SU(3)⊗U (1) is performed by SU(6) Little-like Higgs through orbifold-based field re-definition and the broken shift symmetry induced by the properties of VEV in lower-near-brane [15, 16] . The VEV s are obtained from two Scherk-Schwarz parameters [4] [5] [6] [7] .
One can immediately predict the birth of SU(3) Little Higgses from the SU(6)-origin Little Higgses. This derivation is indeed workable and quite successful.
The paper is organized as follows, first special conditions of Scherk-Schwarz breaking, the trivial and pseudo non-trivial orbifold S 1 /Z 2 breaking [15, 22, 24] are revealed in the next Section, then 5D model of SU (6) with 2 branes and the bulk [32, 33] where gauge bosons and scalar bosons live in near-brane area (y ∼ 0) which will provide SU(6)-origin Little Higgs, and SU(6) Baby Higgs which is basically weakly-coupled. The two have been well reconciled within the model as well as SU(6) GUT and Baby Higgs.
The pseudo non-trivial symmetry breaking to SU(3)⊗SU(3)⊗U (1) is explained in the next section. Subsequently it is shown that the emerging gauge bosons from broken 5-dimensional SU(6) could be considered as scalar boson [6, 7, 20] which provides the Coleman Weinberg potential for radiative symmetry breaking of 4D SU (6) . Before summarizing the results, a brief discussion on the order estimations of relevant physical observables within the model is given.
The Scherk-Schwarz and Orbifold Breaking of SU(6)
First of all let us consider the orbifold breaking in 5D SU(6) compactified in M4 × S 1 /Z 2 . However before discussing the details, a brief review on Scherk-Schwarz mechanisms on orbifold S 1 /Z 2 is given below.
Symmetry breaking in
The invariance of a theory compactified on 5-dimensional space,
The ordinary compactification satisfies φ(x, τ g (y)) = φ(x, y) which is a special case of general Scherk-Schwarz compactification condition φ(x, τ g (y)) = T g φ(x, y) [6, 10, 11] . Here, τ g (y) is the operator mapping the point y, while T g is the twist transformation operator. Orbifold compactification has, in general, similar principles written as φ(x, ζ 2 (y)) = Z 2 φ(x, y). In case of orbifold S 1 /Z 2 with one extra dimension, this has singularities at the fixed points after modding out S 1 and induces ζ 2 (y) = −y which obviously satisfies the condition ζ 2 2 = 1 and Z 2 2 = 1 with eigenvalues of ±1 [5, 6] . This means the subspace spanned by Z 2 can be generated either by Z 2 = ±1 or σ 3 , and written in a diagonal bases as,
Anyway, an operator T g corresponding to certain local or global symmetry and characterizing the compactification in orbifolds which satisfies consistency condition, T g Z 2 T g = Z 2 , can also be expressed as,
where λ a ′ are the hermitian generators and Q is the predefined generator with a given direction in generator space, while ω and β a ′ are the corresponding parameters. Combining with the above consistency condition and expanding infinitesimally one immediately finds the condition [6] ,
These relations determine the broken and unbroken parts of generators under consideration. The latter also gives the singular solution T g = ±1.
For 5D theory compactified on the S 1 /Z 2 orbifold with the Scherk-Schwarz twist in Eq. (2), the twisted field obeys,
where R is the compactification radius. Symmetry breaking is achieved if the symmetry generated by Q is broken by the 5D kinetic term and satisfies the anticommutative relation while the unbroken parts generated by Q ′ are determined by the second relation in Eq. (3) [6] , that is
2.2. Orbifold breaking mechanisms in 5D SU (6) We are now ready to apply the preceding discussion on the orbifold S 1 /Z 2 to SU(6). Z 2 for SU(6) can be constructed based on 3 arrays of SU(2) type matrix along its diagonal elements as follows,
This form satisfies the boundary conditions of orbifold S 1 /Z 2 suitable to realize the symmetry breaking SU(6)→SU(3)⊗SU(3)⊗U(1) .
For Z 2 given in Eq. (6), the broken parts satisfying Eq. (5) are the SU(6) generators with off-diagonal elements, that is λâ withâ = 9, · · · , 26. On the contrary λ a , with a = 1, · · · , 8, 27, · · · , 35, determines the unbroken parts. [2] Due to orbifold singular points, the parity operator Z 2 which operates at each singular point is labeled as Z (1) 2 = I 6 holds which also provides an alternative to Eq. (6) , that is, Z 2 = U .
Special conditions can easily be obtained from Eq. (5) which determine two special breaking patterns of orbifold S 1 /Z 2 i.e. trivial orbifold breaking and the pseudo non-trivial breaking. The first is dictated by commutator of Eq. (5) setting Z 2 = U , then Q ′ comprises all generators of SU(6) which are consequently unbroken leading to dimensional deconstruction without gauge symmetry breaking [15] . The second is actually the special condition of a more general condition, with ω = 0 and Q = 0, known as non-trivial orbifold breaking [15] , coming from anti-commutator of Eq. (5) where Z 2 as in Eq. (6), ω = 0 and Q is set to zero. This provides no broken generator eventhough field is twisted which also leads to dimensional deconstruction with intact symmetry. Accordingly both conditions give the same breaking pattern 5D-SU(6)→4D-SU (6) .
The next symmetry breaking is performed by so-called SU(6) Little-like (Baby) Higgs which will be derived later with breaking pattern following the (pseudo) nontrivial one with Z 2 in Eq. (6) giving 4D-SU(6)→ 4D-SU(3)×SU(3)×U(1) . The boundary conditions consist of unitary operator U and parity operator Z 2 which have the following twisted boundary conditions
while for fermion ψ f (x, −y) = γ 5 Z 2 ψ f (x, y) where U is unitary matrix free from y, U ∈ T g and Z 2 is Z 2 -parity transformation matrix (Z boundary conditions such as (U, Z 0 ) and (U ′ , Z ′ 0 ) can be equivalent one to another in the sense that its physical content is the same i.e (U, [15] . Therefore Eq.(7) modifies itself as
The 5D scalar boson can be obtained from Eq. (4), setting Q = 0 to provide Eq. (10) below under the above pseudo non-trivial breaking,
where A M is 5D SU(6) gauge bosons and Φ is a single-valued and periodic function of 5D SU(6) scalar boson. From the general property of any field one can always obtain even and odd fields as follows,
where the even:
M (x, y) and Φ + (x, y) are separated from the odds, so-called parity splitting, under the requirement of pseudo non-trivial breaking.
The scalar boson in Eq. (10) is the source of SU(6)-origin Little (Baby) Higgs boson which will produce SU(6) Baby Higgs that break the 4D-SU(6) into the above symmetry and SU(6) will-be-SimplestLittleHiggs scalar. Nevertheless one encounters the problem where Little Higgs is normally strongly-coupled near the cut-off scale of the theory while SU(6) GUT is weakly-coupled. On the other hand, the duality of orbifold breaking pattern, the trivial and the pseudo non-trivial, poses another problem due to opposite consequences of the breaking pattern. The trivial one demands for no scalar boson to exist in 4D SU (6) , while the pseudo non-trivial allows scalar boson. This seemingly contradictory condition is actually what is exactly needed.
The scalar boson after the compactifying with y ∼ 0 provides the stronglycoupled scalar which lives near the SU(6) cut-off scale so-called SU(6)-origin Little (Baby) Higgs Φ (i)
Under the requirement of trivial condition this cannot exist in 4D SU(6) GUT which is automatically accomplished due to decoupling of this SU(6)-origin Little(Baby) Higgs from the much lower-energy SU (6) GUT. This fact can also be understood from coupling constant, that is, stronglycoupled scalars shall not mix with weakly-coupled SU(6) GUT. In this way the non-existant scalar in trivial breaking is accomplished. On the other hand the demand of pseudo non-trivial breaking for scalar boson can be accomplished by adjusting SU(6)-origin Little(Baby) Higgs which consist of zero mode and higher modes to the 4D SU(6) GUT requirement. If higher modes are eliminated due to the fact that 4D-content mostly resides in the zero mode term then SU(6) Baby Higgs Φ (6) will-be-SimplestLittleHiggs scalar. In this way both requirement of trivial and pseudo non-trivial breaking are fulfilled while SU(6) Baby Higgs is also reconciled with SU(6) GUT quite well.
The Origin of SU(6) scalar boson
We can consider the 5D SU(6) scalar boson as a periodic function with the even component [16] ,
while the odd component is,
The 5D SU(6) periodic scalar bosons must have two sets of bi-parity due to two orbifold fixed points y = 0 and y = πR with combination of parity (+, ±) due to (
2 ) and (−, ±) due to the same (Z
2 ) where the first parity belongs to y = 0 brane.
Therefore one can write 5D-SU(6) periodic scalar bosons as the even scalar [20] ,
and the odd scalars
Considering the 4D-terms (parts) in Eqs. (14) and (15) which can be viewed as serial terms of exponential expression one can consider SU(6) scalar boson which lives in 4D spacetime under the cut-off scale of SU(6) theory, Λ 4D (6) , to be defined in general form as follows,
where v and v ′ are SU(6) VEV s and θ PNB parameter which are defined later. Lets define near-brane area as area with small y and α = ωy/R where α is also relatively small then a global gauge transformation e iα which works in periodic scalar field is obtained and produce the shift symmetry for PNB, (6) scalar boson). The shift symmetry forbids all other terms except kinetic terms in Lagrangian otherwise it is broken [19] and the global symmetry as well [6] . But SU(6) global symmetry [20] breaking can be triggered by orbifold breaking due to extra-dimensional property of α in the lower-near-brane [6, 19] .
The Lagrangian can be written accordingly as
Scalar field Φ is expressed as periodic scalar field Φ via the following relationship [6] where
is scalar boson in the fundamental representation of SU (6),
which can be obtained as solution of Eq. (4) and Q v represents SU(6) broken generators at the direction of VEV s [6, 20] .
where g 5 is the 5D coupling constant one can separate the 4D-brane from the bulk Lagrangian
where 4D near-brane is just in-between brane and bulk. Thus the Lagrangians, setting Q v = 0 for SU(6) upper-near-brane (thus eliminating Lorentz invariant-violating term), after Scherk-Schwarz but prior to orbifold breaking, can be expressed as follows,
while for L near-brane (θy),y two cases happen and are determined by shift-symmetrybreaking parameter (θα) (or θy due to α = ωy R ) as follows: In the upper-near-brane where shift symmetry is intact and (θy)-term is negligible so that θ is small (and also for the reason which will be clear after Eq. (28) where gauge-scalar unification [15] is applied) one finds, based on Eq.(18), as follows
while in the lower-near-brane where shift symmetry is broken (θy)-term and also θ are significant one finds the following, 
(and for lower-near-brane: for the reason which will be clear after Eq. (28) and Subsection 3.3 as,
where V (6) µ will turn out to be V In the brane y = 0 and near-brane y ∼ 0 the even scalar bosons in Eqs. (14) and (15) become as
For the upper-near-brane area Neumann boundary condition dictates the following 
where now Φ (i) = Φ 
with λ In the near-brane with extra-strongly-interacting SU(6) scalars, the potential in Eq. (29) is zero as required by shift symmetry on Pseudo Nambu-Goldstone Boson (PNB), θ. Therefore one can call Φ + (x) as the SU (6)
The parameterization of SU(6)-origin Little (Baby) Higgs is governed by the number of scalar doublets which are allowed to be put in 6 × 6 matrix. Thus it depends on the number of generated PNBs through the condition a
These determine the total number of PNBs to be 22. However, the simplest Little Higgs at SU(3)×SU(3) requires only 10 PNBs while SU(2)×U(1) produces 4 PNBs to become U(1) . Therefore one may yet have free 8 scalar bosons which could create 4 scalar doublets to be assigned as the SU(6)-origin Little (Baby) Higgs as follows,
where
The scalar doublets h and h ′ are the would-be SM Higgs as will be clarified later.
Therefore Eq. (18) can be reexpressed in complete forms, for Φ
+ and Φ (2) + successively, as 
+ and Φ
+ above the expressions in Eq. (14) and Eq. (15) are obtained immediately for y = 0(y ∼ 0) with zero mode and higher modes defined as follows,
and for both: 
3.2.
Lower-near-brane strongly-coupled scalar boson (SU (6) will-be-SimplestLittleHiggs scalar boson)
Now lets discuss the mechanisms to generate Simplest Little Higgs from SU(6)-origin Little(Baby) Higgs scalar in Eq. (33), assuming O(f )αO(f i ) yields f 2 /f 1 f and f 1 /f 2 f ≪ 1. Then can one perform the following expansion
(37) to obtain as follows,
where Φ
(i)
′ + , i = 1, 2 is the SU(6) will-be-SimplestLittleHiggs scalar and lives below the scale Λ NP (6) ,
This must happen after f reaches significantly lower value than Λ NP (6) in the lowernear-brane so that α f of αθ-term becomes significant and shift symmetry is broken. Massive pseudo Nambu-Goldstone boson (PNB) is absorbed by scalar to become VEV , φ 
h(h ′ ) finally one can rewrite the SU(3) Little Higgs as,
In case of H = H ′ , Eq. (41) become basically the Simplest Little Higgs on SU(3)×SU(3) as expected [8] . This is represented by SU(6) Baby Higgses which are defined by zero mode approximation where perturbative approach has been taken up to lowest order. This scalar lives below energy scale Λ NP (6) . SU(6) Baby Higgses can be written as (P : perturbative),
or, in complete forms as follows
or, making use VEV s in Eq. (30),
Eq. (45) brings us immediately to the orbifold-based field redefinition as follows,
The new SU(6) Baby Higgses are surprisingly split into triplets of SU(3) Little-like Higgses in accordance to (x is not written for simplicity),
where SU(3) Little-like Higgses triplets are defined and obtained as
where ∆f = f 2 − f 1 .
Eq. (42) shows, under global gauge transformation e iαQv (α small), the conservation of shift symmetry due to negligible αQ v θ, that is (49) which make αQ v θ-term becoming significant with respect to (f 2 /f 1 θ + αQ v ) and (f 1 /f 2 θ − αQ v ), so PNB gets mass when global symmetry is broken in the lower-near-brane.
The potential of SU(6) Baby Higgses follows from Eq. (29) by replacing λ
where it is clear from Eqs. (47), (48) and (49) that Φ
(1)
for i and j = 1, 2. One concludes that Φ
and one finally arrives at the following identities,
P and Φ
P .
After making use of Eqs. (48) and (49) and applying the following approach
a new field shall be defined as H ′′ = H ′ − H which has the order of SM VEV i.e.
∼ O(100 GeV ) which will be clarified later [37] . These provide the following,
Besides the existing Baby Higgses field H and H ′ a new field H ′′ has emerged which will be clear later on as the SM-like Higgs. Having substituted Eqs. (54), (55) into (52) and further into (51), taking the mass terms and quartic terms, neglecting the constant field, V (6) µP now can be decomposed into 3 parts i.e potential of H ′′ , H ′ and H and rewritten as
The mass of SM-like Higgs as produced by radiative symmetry breaking of SU(6) via Little-like Higgses from the potential in Eq. (60), and also Eq. (61),
where Λ ZP (6) is the cut-off scale for zero-mode (perturbative) SU(6) Baby Higgs theory above which SU(6) higher-mode perturbative and non-perturbative theory govern.
From Eq.(61) with µ H ∼ O(100GeV ) and f
) and justifies that Little-like Higgses derived from SU(6) are weakly-coupled. Therefore zero modeperturbative quartic coupling constant is much lower compared to λ 
(62) will reach maximum value at f
is set constant and gives accordingly the interval m H < m 1 . On the other hand
2 ) in Eq. (63) will obtain its minimum value at f
2 ) is set constant and provides the interval m H ′′ > m 2 . One can conclude that there exist the exclusion area for Higgs mass m 1 < m Higgs (excluded) < m 2 .
Eq. (62) ,20] . With their hermitian conjugate they give totally 18 (Little-like) Higgses to be eaten by the will-be-massive gauge bosons and bring about symmetry breaking SU(6)→SU (3)×SU (3)×U (1) . This is basically the area of weakly-coupled SU (6) 9 TeV with value close to 0.6 − 0.7 and continue to be power law until approaching g 5 ∼ 4π at Λ 5D (6) . Following ref [14] and [32] one has the following plot for M c ∼ 10 10 GeV . Now it is clear for 4D SU(6) weakly-coupled GUT based on zero mode with Λ ZP (6) ∼ 1000 TeV the coupling constants reach value g 4 ∼ 0.7. More elaborate discussion is given in Appendix B.
Higgs spectrum and masses
Latest LHC data on Higgs mass excluded region lie in the interval 145-466 GeV . On the other hand the near-brane weakly-coupled SU(6) Baby Higgses do provide beyond-SM Higgses of light and heavy types. If one sets f 
Proton decay
Another important phenomenological constraint is proton decay. Fortunately, proton decay in the current model can be kept long enough to fulfill the experimental bound [20] . One of the reasons the leptoquark like interaction at tree level is not allowed at all. There are actually two reasons for this behavior, i.e. at the SU(3) scale, the SU(3) triplets containing quarks and leptons generated from the SU(6) sextet are completely separated. Obviously there is no tree level interaction between both of them, and, at the SU(6) scale, as explained in [35] and shown by the subgenerators λ C (1, 2) in [35] , all charges of leptoquark-like gauge bosons in the model are integer. This disallows tree level quark and lepton interaction which should require gauge bosons with fractional charges.
Possible decay due to baryon and lepton number violating dimension-6 operators generated by quantum correction is suppressed by 1/M 16 GeV . This confirms the same proton stability as known in conventional 4D GUT. Alternative scheme for protecting proton lifetime can also be provided by this model through localizing wave function on the brane y = 0 for SM particles [32, 36] with thickness L = (M * ) −1 separating baryon from lepton or just putting baryon in the brane and lepton in the near-brane at the proximity beyond separating distance L. Proton decay starts to take place at M * as low as 1.0 TeV [32, 36] which is very much lower than M * = 10 12 GeV in this model (Appendix A.2).
Therefore, roughly speaking the model should predict the proton life time close to the SM's one. Of course, more investigation should be done properly in a separate work.
Conclusion
The SU(6)-origin Little (Baby) Higgses as the by-product of Scherk-Schwarz mechanisms and orbifold S 1 /Z 2 breaking with duality in trivial and pseudo non-trivial manners have decoupled from SU(6) GUT and been replaced immediately by SU(6) will-be-SimplestLittleHiggses and Baby Higgs. This approach is realized mainly by utilizing the zero mode terms, so that it shows up as weakly-coupled in contrast with the strongly-coupled SU(6)-origin Little (Baby) Higgses. Now, it is clear that the dimensional deconstruction and symmetry breaking of 5D SU(6) happen almost at once due to duality condition.
This brings about the reduction (elimination) of higher modes in trivial manner and the splitting of parity in pseudo non-trivial manner. Consequently as final product, strongly-coupled SU(6)-origin Little (Baby) Higgses transform itself into final SU(3) Simplest Little Higgses which are strongly-coupled and SU(3) Littlelike Higgses which are weakly coupled as will be discussed further in a separate paper [37] . These SU(6) triplet-contained Higgses, by means of radiative symmetry breaking, break SU (6) in so-called weakly-coupled SU(6) Baby Higgs which is suitable for SU(6) GUT from Λ 3 up to Λ NP (6) ∼ M (5D) , the cut-off scale of 5D-origin SU(6) GUT theory. On the other hand non-perturbative approach must be taken above Λ . This brings us to the 5D-SU(6)GUT unification scale of 10 12 GeV (M * ) and compactification scale M c ∼ 10 −2 M * ∼ 10 10 GeV which has justified the previous assumption. This in turn establishes the limit for the SU(6) GUT perturbative cut-off scale, M (5D) = 10 8 GeV ∼ Λ NP (6) < Λ 4D (6) ∼ 10 7 TeV and minimal cut-off scale of 5D SU(6)theory, Λ 5D 6 , as 3 × 10 10 TeV due to (Λ 6 /M * )| δ=1 < 30 [37, 38] .
Appendix B. Unification of Gauge Coupling Constant
In general the logarithmic form of running coupling constant in 4D is changed into a power law due to the effect of extra dimension in accordance with the following formula [37] , GeV .
